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Lesson 1: Moving on the Number Line (1-2 Days)
We start out standing on a really big number line made of tape. We add, subtract, divide and multiply our positions and then move into the class to discuss what transformations we performed. Then students work on problems relating to the arithmetic/transformation connection.

	Launch
· You’ll need to set up a big number line that kids can stand on. It’s not important for everyone to stand on the number line if you have a big group. The number line can be made with masking tape and a marker, and there should be a bit of room to maneuver. (We’ve found it helpful to have room for most people to double their positions.)
· Make sure that someone is standing at 0, 1 and -1, because these are cool numbers to play with.
· Ask students to perform arithmetic on their positions.
· Subtract 3 from your number.
· Add 3 to your number.
· Multiply your position by 2.
· Challenge students to coordinate their movement.
· “That was pretty good, but it was a huge mess. Let’s try to find a plan to coordinate so that everyone leaves and arrives at the same time.”
· Often students land on “clapping” or “beats” as a solution.
· Ask students to multiply their positions by -1. After they do it the first time, ask them to find a plan to coordinate their movement, as before. 
· Some groups devise a hand-holding solution.
· Other groups try to use beats or claps to coordinate motion.
· Either way, this coordination helps get students used to the idea that multiplication by -1 can be seen as a rotation around the origin. (Without this experience, many have trouble seeing multiplication by -1 as anything but a flip.)
· Return to the classroom to debrief the number line activity. 
· On the board, write transformation, translation, dilation, rotation and reflection and review their meanings.
[image: ] 
· Ask students: Which of these transformations did we perform on the number line? What arithmetic did we call that performed them?
· Be prepared for a discussion about whether rotations and reflections were performed. Some groups find this controversial.
· Extension: Some groups find it interesting that the same arithmetic (“multiply by -1”) can be seen as either a rotation or reflection. Are there other such arithmetic commands that can be seen in two ways?

	Problem Solving and Practice

Students work on Problem Set 1.1. 
· In 1c, students initially find it confusing that C doesn’t appear. This question draws out the way dilation sends different numbers different distances away from 0.
· Use question 3 to assess your students comfort with square roots. Some groups will need review of  at some point during this unit.


	Wrap-Up Conversation

· Question 8 is a good one to discuss with the whole group. 
· Expect many students to say that when a 90 degree rotation is performed everyone on the number line moves to 0.
· Question 4 is good to discuss as well, but might be difficult at this early stage. Variants on this question pop up across the Investigation to give kids a chance to revisit it as they learn more about transformations and arithmetic rules.
· If students are able to work fluently with square roots, they are likely ready to have this discussion. 











Lesson 2: Moving on the Coordinate Plane (1-2 Days)
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We now move from the number line to the coordinate plane. After practicing a bit on the plane we introduce a new notation to describe rules for transformations in the plane. The lesson’s problems give students a chance to make sense of these new sorts of rules and their geometric effects. This lesson contains students first exposure to the 90 degree clockwise rotation around the origin, which we’ll later call  or “multiplication by .”


	Launch
· Start out on a taped coordinate plane. Make sure someone is at (0,0) (You can split the class in two, so there’s a group that’s observing and a group that’s performing. Or not.)
· Quick warm up: add 2 to your x-coordinate and subtract 1 from your y-coordinate
· Multiply your coordinates by 2
· What would it take to get back to where you started?
· Multiply your coordinates by -1. What did we just do? How can we get back?
· So far I’ve just called out arithmetic. Now I want to call a transformation: Rotate by 90 degrees around (0,0). What happens if we do this twice?
· Go back to where you started. Swap your x and your y coordinates. Swap them again. What happens when you swap?
· Introduce the notation to students. 
· When I called out “add 2 to your x-coordinate” and subtract 1 from y-coordinate” was that a translation, dilation, rotation or reflection?
· We can say that any point (x,y) turned into (x+2, y-1).
· What do you think will do?
· You can either test this by hand or test it with the transformation-rule visualizer found here: http://mathmistakes.org/complex/rules.html
· What do you think  will do? Can someone come up and draw what they think will happen? Is that what happened?







	Problem Solving and Practice

Many students will interpret as a reflection. This is because they aren’t sensitive to the way the order matters in these rules.

You can either preempt this in the Launch or be prepared to help students during their work.
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There is sensitivity in the notation about the use of x and y. How can y be in the x-place? The key is that “y” in the image refers to the original y-coordinate. Many students assume that “y” in the image means the current y-coordinate. This is why, at first, rules such as  will seem somewhat bizarre.

	Wrap Up

A good discussion can surround the relationship between reflections and 90 degree rotations.
· Why does produce a reflection?
· Why does  produce a rotation?
· What other rules for rotations can we know?

Alternatively, a fun (and important) transformation is . Discussing this transformation can lead to a productive discussion about why this rule has the geometric effect that it does. 




Lesson 3: Following Square Root Rules (1-2 Days) [Alternative: Shell Center 2D Transformation Activity]
In this lesson the focus is on dilations by square roots. Some students come in to this unit without a firm understanding of square roots, and these students will not be able to understand how we can say anything about multiplying by  unless they are able to easily see that, according to the conventional properties of square roots, . (Likewise, students may need more time understanding that multiplication results in a dilation instead of a translation.)

If your students are comfortable with square roots, you might consider the Shell Center’s 2D Transformations activity. We’ve included that with the curricular materials but we modified one page of the activity to focus more carefully on the transformations of highest interest to complex numbers.


	Launch
· If your students need a review of the basics of square roots, you might begin with a brief discussion of them.
· e.g. What’s the square root of 9? The square root of 100? Estimate the square root of 40? How close are we?
· This might also be a good time to offer your students an assessment [see the Investigation folder] to see whether they need help or practice with determining the results of transformations.

	Problem Solving and Practice

· Students who aren’t comfortable using square roots can still realize the crucial relationship () by working with calculators and decimal approximations of the square root of 2. Offer the decimal approximation as a hint for students who are stuck or intimidated. 
· Some students will need help understanding what that the  question is asking for a generalization about any number a in the square root.

	Wrap Up
· If you haven’t had a conversation about the possibility of making sense of , now is the time to have it.
· If it were a transformation, what transformation would  be?
· There is a subtlety here. We should not be in the business of telling kids that  is unproblematic. In fact, they should have a chance to prove that no real number can be the .
· At the same time, we can talk about things that aren’t possible. If  did exist, it would be true that ?
· A student might balk on the grounds that we don’t know that the familiar rules of arithmetic would apply to . This is a great point and should be honored. 
· Given this property of , what would  mean? It would have to be a transformation that when done twice amounts to . 
· In 1.1 students discussed whether multiplying by -1 results in a reflection or a rotation. 





































Lesson 4: All about (1-2 Days)
There are two goals for this lesson. First, to help students become fluent with rotating a point by 90 degrees counter-clockwise about the origin. Fluency is important so that students can focus on understanding how multiplication by i represents this transformation in complex arithmetic. Second, though, this lesson previews many important elements of i, such as raising i to the 51st power. This lesson, then, serves as a bridge between transformations and complex multiplication. 

	Launch

Ask students to take notes and answer questions on a new notation for rotations of 90 degrees. [See Slides for 1.4]
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	Problem Solving and Practice

· Some students will need help thinking backwards at the bottom of the first page. A hint you can offer them is to try guessing and checking a few times before attempting to reason backwards.
· Some students will finish quickly. This is a good day to offer them an extension. [See the Investigation folder.]


	Wrap Up

· A good thing to discuss is the position of A, B, C and D after multiplication by . 
· Many students will likely suggest that A, B, C and D are all standing next to 0.
· Others will argue that A, B, C and D are standing above the number line, on the y-axis.
· Another productive discussion point could be the strangeness of the (-y, x) rule. 
· How is this rule different than the others that we have seen? 
· “It doesn’t just use adding, multiplying or whatever.”
· “It involves swapping.”
· “We use the y and x in weird ways.”
· This strangeness of this rule sets the stage for the introduction of i in the next lesson.
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transformations:

translation
dilation
rotation
reflection




image07.jpg




image03.png
-3 = Y -4
1. Trace the result of applying each point-mapping rule to the figure above.
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Label each rulein a-e as a rule for a translation, dilation, rotation, reflection.
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Notes

Rule for counterclockwise 90
degree rotation around (0,0):
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. Abbreviation for this
transformation is Rgge.

Example: Rgpe © (2,5) = (—5,2)




